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Abstract
Electric and magnetic charges of a certain class of operators in
N = 2 large N quiver Chern-Simons theories are investigated. We
consider only non-chiral theories, in which every bi-fundamental field
appears with its conjugate representation. By interpreting operators
in a Chern-Simons theory as wrapped M-branes in the dual geometry
AdS4 ×X7, we partly determine the homologies of X7.
∗E-mail: imamura@hep-th.phys.s.u-tokyo.ac.jp
1 Introduction
AdS4/CFT3 correspondence claims the equivalence between a three-dimensional
conformal field theory (CFT) and M-theory in the background
AdS4 ×X7, (1)
with an appropriately chosen Einstein 7-manifold X7, which may in general
contain singularities. In the brane picture, the CFT is the theory realized on
multiple M2-branes in the cone over X7. Until quite recent, low-energy effec-
tive field theories realized on multiple M2-branes were not known. The first
example of interacting CFTs describing multiple M2-branes were proposed by
Bagger and Lambert [1, 2, 3] and Gusstavson [4, 5]. The model, which is now
called BLG model, is a Chern-Simons theory with N = 8 supersymmetry, and
is important also as the first example of Chern-Simons theories with N ≥ 4
supersymmetry. Although BLG model works only for two M2-branes [6, 7], it
triggered the following construction and classification of various supersymmetric
quiver Chern-Simons theories [8, 9, 10, 11, 12, 13, 14, 15]. N ≤ 3 quiver Chern-
Simons theories, whose actions have been known for long, are also investigated
from new perspective as theories for multiple M2-branes in various backgrounds
[16, 17, 18, 19, 20, 21, 22, 23, 24].
Almost all theories appearing in the recent literature as theories on M2-branes
are quiver Chern-Simons theories.1 The purpose of this paper is to investigate
the relation between charges in such quiver Chern-Simons theories and wrapped
M-branes in the corresponding internal space X7.
In the case of AdS5/CFT4 duality, the relation between wrapped branes and
operators are first proposed in [27] for non-dynamical (external) baryonic opera-
tors in the maximally supersymmetric Yang-Mills theories, and was extended to
dynamical baryonic operators in theories with less supersymmetries in [28, 29].
In the latter, baryonic operators are identified with D3-branes wrapped on three-
cycles in internal five-dimensional spaces. This is further extended in [30, 31, 32]
to a large class of quiver gauge theories described by brane tilings [33, 34, 35]. In
such a class of gauge theories, the spectrum of baryonic operators is known to be
consistent with the homology of three-cycles, on which D3-branes can wrap.
The relation between fractional branes, D5-branes wrapped on two-cycles,
and ranks of SU(N) gauge groups is also well understood [36, 37] in the case
of Klebanov-Witten theory [38]. See also [39, 40] for fractional branes in more
general theories described by brane tilings.
In this paper, we discuss similar relations for AdS4/CFT3 from the field theory
side. We investigate electric and magnetic charges of operators, and relate them
1Recently, N = 3 Chern-Simons theories with fundamental flavors describing multiple M2-
branes in hyper-Ka¨hler cone backgrounds were proposed in [25, 26]. We do not discuss such
theories in this paper.
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to wrapping numbers of M5- and M2-branes. We determine one-, two-, and five-
cycle homologies of X7 by the analysis of charges on the field theory side. We
also discuss the relation between ranks of gauge groups and the four-form flux in
the internal space.
We emphasize that operators considered in this paper are not always gauge
invariant. In general, they are charged under the U(1) part of U(N) ∼ SU(N)×
U(1) gauge groups. We do not impose gauge invariance with respect to all these
U(1) subgroups. This is because, as is pointed out in [41], it is impossible to
identify all wrapped M-branes which are particles in AdS4 with gauge invariant
operators. We require operators to be singlet with respect to SU(N) subgroups
in the gauge group. We refer to such SU(N) invariant operators as “colorless
operators.”
Colorless operators are constructed by contracting all SU(N) color indices
of constituent objects. For simplicity, we do not consider the full symmetry
structure of SU(N) indices. For example, when an operator has two color indices,
we do not take care about whether the indices are symmetric or anti-symmetric.
We only take account of the “index number” z defined by
z = # of upper SU(N) indices −# of lower SU(N) indices. (2)
We determine whether a combination of operators can be colorless by only check-
ing whether the total index number vanishes. Of course, this simple prescription
cannot capture the detailed spectrum of operators, and more careful analysis is
necessary when we want to determine degeneracy of operators and so on. We
leave this problem for future work.
As we mentioned above, colorless operators are in general charged under the
diagonal U(1)’s of U(N)’s in the gauge group. We call this baryonic symmetry,
and refer to operators rotated by this symmetry as baryonic operators. Such
operators are constructed with SU(N) epsilon tensors, and expected to have con-
formal dimension of order N . It is known that the mass of M5-branes wrapped on
five cycles reproduce this scaling of the conformal dimension, and by this reason,
we identify baryonic operators with wrapped M5-branes. Once we accept this
correspondence, it is natural to identify monopole operators, operators magnet-
ically charged with respect to the baryonic symmetry, with M2-branes wrapped
on two-cycles, which are mutually non-local to the wrapped M5-branes.
In general, quantum corrections shift the baryonic charges of monopole oper-
ators [42, 43], and they make the charge spectrum of such operators complicated.
Unfortunately, we have not succeeded in interpreting such a complicated spec-
trum in terms of M-branes. By this reason, in this paper, we discuss only the
non-chiral N = 2 quiver Chern-Simons theories, in which a bi-fundamental chi-
ral multiplet in (Na, N b) and one in (Na, Nb) appear in the pairwise way and
the corrections to baryonic charges vanish. Examples of such non-chiral theories
describing M2-branes are N = 3 Chern-Simons theories studied in [17].
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This paper is organized as follows. In §2 we define the colorless sector for
a single U(N) gauge group. In §3 we generalize this into quiver Chern-Simons
theories, and declare the class of operators we discuss. In §4 we relate M2-branes
wrapped on two-cycles to non-baryonic monopole operators. In §5, we discuss
the correspondence between baryonic operators and wrapped M5-branes. In §6
we study how flux strings are realized as wrapped M-branes. (By flux strings
we mean stringy objects in AdS4. Since we consider CFT, confining strings do
not exist on the field theory side.) A relation among ranks of gauge groups,
baryonic charges, and the charge of flux strings attached on baryonic operators
are also studied. In §7 we present some examples. The last section is devoted to
discussions.
2 U(N) gauge group
In this preliminary section, we consider a gauge theory with a single U(N) gauge
group. We denote this gauge group by G, and the gauge field by A. We assume
that U(N) is the effective gauge group. If there were no matter fields the gauge
group would be effectively SU(N)/ZN because the diagonal U(1) would not couple
to any fields. We do not consider such a case and assume the existence of fields
coupled by the full U(N) gauge group.
We can use Young diagrams to specify U(N) representations. Let wi be the
number of boxes in the i-th row in a Young diagram. These numbers form the
highest weight vector for the representation. It is an element of the U(N) weight
lattice W.
−→w = (w1, w2, . . . , wN) ∈ W. (3)
When we use a weight vector to specify Young diagram, the components are
ordered in the descending order; w1 ≥ w2 ≥ · · · ≥ wN . Because we consider not
SU(N) but U(N), columns filled up with N boxes have meaning and we cannot
neglect them. In other words, we should distinguish between (w1, . . . , wN) and
(w1 + 1, . . . , wN + 1). Note that negative wi are not prohibited. Although the
SU(N) representation and the U(1) charge are independent for general U(N)
representations, we consider only the case in which both the U(1) charge and the
SU(N) representation are specified by the same Young diagram.
We define monopoles in U(N) gauge theory following Goddard, Nuyts, and
Olive [44]. Namely, we consider Dirac monopoles for the Cartan subgroup H =
U(1)N ⊂ G. Such monopoles are characterized by the Dirac strings attached on
them, and their magnetic charges are defined by integrating the gauge potential
around the Dirac string as
mi =
1
2π
∮
Ai, i = 1, . . . , N, (4)
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where the index i labels the U(1)’s in H , and Ai is i-th diagonal component in the
U(N) gauge field A. Monopoles defined in this way are called Goddard-Nuyts-
Olive (GNO) monopoles. We can regard the set of magnetic charges mi as a
vector in the root lattice R:
−→m = (m1, m2, . . . , mN) ∈ R. (5)
The weight lattice W and the root lattice R are dual to each other, and for
vectors −→w ∈ W and −→m ∈ R the inner product
−→w · −→m ≡
N∑
i=1
wimi (6)
is defined.
We mainly focus on “the colorless sector” as is mentioned in Introduction.
This means that we focus on the electric and magnetic charges with respect to
the diagonal U(1) subgroup of U(N). When we discuss electric charge in the
colorless sector, we consider only SU(N) singlet operators. SU(N) non-singlet
representations are excluded from the consideration. This constrains weight vec-
tors by “the colorless condition”
−→w · −→α a = 0, a = 1, . . . , N − 1, (7)
where −→α a ∈ R are the SU(N) root vectors defined by
−→α 1 = (1,−1, 0, . . . , 0),
−→α 2 = (0, 1,−1, 0, . . . , 0),
...
−→α N−1 = (0, . . . , 0, 1,−1). (8)
The colorless condition (7) means
w1 = w2 = · · · = wN =: b, (9)
and the Young diagram of a colorless representation is an N × b rectangle.
If we consider only colorless operators, the effective gauge group becomes
GB = U(N)/SU(N) = U(1)/ZN , (10)
where U(1) in the last expression means the diagonal U(1) subgroup of U(N) and
ZN is the center of SU(N). We define the GB gauge field by
B = trA. (11)
This couples to the fundamental representation by charge 1/N .
4
Contrary to the electric charges, we do not impose any restriction to the
magnetic charge −→m. Instead, we simply neglect the magnetic charges other than
the GB charge. This is realized by introducing the following equivalence relation:
−→m ∼ −→m +
N−1∑
a=1
ca
−→α a, ca ∈ Z. (12)
This identification removes N−1 components of the magnetic charges, and leaves
information of the GB magnetic charge only.
In general, when we consider a pairing of two linear spaces with inner product
between them, an equivalence relation in one space always arises with a constraint
in the other space for the consistency with the inner product. In the case of charge
lattices we discuss here, the inner product −→w · −→m is well-defined in the colorless
sector because it does not depend on the choice of an element from an equivalence
class defined by (12) thanks to the restriction (7).
When we consider the colorless sector, we can use a single integer to represent
each of electric and magnetic charges. For the electric charge, we use the common
value b in (9), while an equivalence class of the GB magnetic charge defined by
(12) is specified by
m =
N∑
i=1
mi. (13)
The inner product of electric and magnetic charge vectors is equal to the product
of these integers.
−→w · −→m = bm. (14)
For concreteness, let us consider U(N) gauge theory with chiral multiplets Qα
and Q˜α in the fundamental and anti-fundamental representation, respectively. We
also assume the existence of the Chern-Simons term
SCS =
k
4π
∫
tr
(
AdA+
2
3
A3
)
. (15)
Colorless operators in this Chern-Simons theory are constructed by combining
the following objects:
• The component fields in Qα and Q˜α.
• SU(N) invariant anti-symmetric tensors ǫα1···αN and ǫ
α1···αN .
• Monopole operators.
If the Chern-Simons level is k, a monopole operator m[−→m] with magnetic
charge −→m belongs to SU(N) representation specified by the weight vector −→w =
k−→m. In general, the GB charge of the operator receives quantum corrections.
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As we mentioned in Introduction, we consider only non-chiral theories in which
such corrections vanish. Then the GB charge is given by b = km/N , and we can
regard −→w as a U(N) weight vector.
The above mentioned monopole operators are elementary ones before com-
bined with matter fields to form colorless operators. We use the character m to
denote such “bare” monopole operators. The index number and the electric and
the magnetic charges of these objects are shown in Table 1. We construct col-
Table 1: The index number z, the electric GB charge b, and the magnetic GB
charge m of elementary objects are shown.
z b m
Qα 1 1/N 0
Q˜α −1 −1/N 0
ǫα1···αN −N 0 0
ǫα1···αN N 0 0
m[−→m] km km/N m
orless operators by combining these objects so that the index number z cancels.
For such operators, the electric charge b is always an integer and is the same
as the number of the epsilon tensor. (We mean by “the number of the epsilon
tensor” the number of ǫα1···αN subtracted by that of ǫ
α1···αN .) Namely, the charge
b counts the number of SU(N) “baryons”. This is the reason why we call GB the
baryonic symmetry.
3 Quiver Chern-Simons theories
Let us extend the arguments in the last section to quiver gauge theories. We
consider a quiver Chern-Simons theory described by a connected quiver diagram
with n vertices. The gauge group is given by
G =
n∏
a=1
U(Na), (16)
and the action includes the Chern-Simons terms
SCS =
n∑
a=1
ka
4π
∫
tr
(
AadAa +
2
3
A3a
)
. (17)
We define the “color part” of the gauge group by
GSU =
n∏
a=1
SU(Na) ⊂ G. (18)
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Note that we do not remove the diagonal U(1) subgroup of G which does not act
on any matter fields in the gauge theory. This is because we implicitly assume
that the theory is embedded in string or M-theory. In such a case we can introduce
an external source belonging to the fundamental representation in a U(Na) gauge
group, to which the diagonal U(1) subgroup couples. We later impose a certain
condition (eq. (24)) to exclude such representation from the physical spectrum.
We consider the colorless sector of this quiver gauge theory. The baryonic
symmetry GB is defined as the effective group acting on colorless operators:
GB = G/GSU =
n∏
a=1
(U(1)′a/ZNa) =
n∏
a=1
U(1)a, (19)
where U(1)′a is the diagonal subgroup of U(Na) and U(1)a is its quotient by ZNa ,
the center of SU(Na). Let Ba be the U(1)a gauge field defined by
Ba = trAa. (20)
For each U(Na) factor, we define electric and magnetic charges of the colorless
sector in the same way as the previous section. We denote the electric and
magnetic U(1)a charge by ba and ma, respectively. We collect them to form the
vectors
b = (b1, . . . , bn), m = (m1, . . . , mn), (21)
and define the inner product
b ·m =
n∑
a=1
bama. (22)
Each component of the vectors in (21) corresponds to each U(Na) factor in the
gauge group G, or, equivalently, each vertex in the quiver diagram, while each
component of vectors −→w or −→m used in the last section corresponds to each U(1)
factor in the Cartan subgroup of a single U(N).
Colorless operators are constructed by combining
• Bi-fundamental chiral multiplets ΦI = (φI , ψI)
• SU(Na) invariant anti-symmetric tensors ǫ(a)α1···αNa and ǫ
α1···αNa
(a)
• Monopole operators m[m]
We define charge matrix {QIa} so that the component QIa is +1 (−1) if ΦI be-
longs to the fundamental (anti-fundamental) representation of U(Na), and oth-
erwise QIa = 0.
The SU(Na) index numbers, the electric and magnetic U(1)a charges of the
fundamental objects are shown in Table 2. We can again easily see that for
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Table 2: The index numbers, the electric and magnetic charges are shown
za ba ma
φI , ψI QIa QIa/Na 0
ǫ(a) −Na 0 0
m[m] kama kama/Na ma
colorless operators the electric charge ba is always an integer and is the same
as the number of SU(Na) invariant anti-symmetric tensor ǫ(a) included in the
operator. Thus we can regard the charge ba as the SU(Na) baryon number. The
complete contraction of color indices is possible only when the relation
Naba − kama = za[Φ] (23)
holds, where za[Φ] is the SU(Na) index number carried by bi-fundamental fields
in the operator. Because all matter fields in a quiver gauge theory are bi-
fundamental fields, the right hand side in (23) vanishes when it is summed up
with respect to a. We obtain
N · b− k ·m = 0. (24)
We define the charge lattice Γ of colorless operators as the set of vectors (b,m)
satisfying (24).
Γ = {(b,m)|N · b− k ·m = 0} = Z2n−1. (25)
To relate the charges (b,m) and wrapping numbers of M-branes on the gravity
side is a main purpose of this paper. In order to have clear geometric picture
with wrapped branes, we take the large N limit. We assume that the ranks Na
are given by
Na = N + δNa, (26)
and take the large N limit with δNa fixed at order 1. We also assume that the
charges ba and ma are of order 1.
ba ∼ O(1), ma ∼ O(1). (27)
If the charges are of order N the corresponding branes would deform the back-
ground geometry and the probe approximation would cease to be valid. Although
it would be very interesting to investigate such a deformed geometry, we restrict
ourselves to the case in which we can treat the branes as probes.
We separate operators into two classes, non-baryonic and baryonic operators.
Non-baryonic operators are defined as operators with b = 0. The other operators
with b 6= 0 are referred to as baryonic operators. By definition, the non-baryonic
operators are not only colorless but also gauge invariant. They are in general
monopole operators carrying magnetic charges.
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4 Monopoles and two-cycles
Let us first discuss correspondence between non-baryonic (monopole) operators
and wrapped M2-branes. By definition, non-baryonic operators are characterized
by only the magnetic charge m constrained by
k ·m = 0. (28)
The vector m satisfying this condition spans the sublattice ΓM ⊂ Γ defined by
ΓM = {(0,m)|k ·m = 0} = Z
n−1. (29)
We would like to relate monopole operators to wrapped M2-branes. However, it
is known that a certain subset of these operators does not correspond to wrapped
branes but to bulk Kaluza-Klein modes.
Let us temporarily consider the case with Na = 1. We can regard this Abelian
Chern-Simons theory as a subsector of the non-Abelian theory representing the
motion of a single M2-brane. In the subsector, the Chern-Simons action (17)
reduces to
SCS =
n∑
a=1
ka
4π
∫
AadAa, (30)
where Aa in this action should be interpreted as one of diagonal components of
U(Na) gauge field corresponding to the single M2-brane we are focusing on. Let
us re-organize the n U(1) gauge fields Aa into the diagonal U(1) gauge field AD
and the other n− 1 gauge fields A′i (i = 1, . . . , n− 1). The relation between Aa
and (AD, A
′
i) is
Aa = AD + A
′
a (31)
where A′a are linear combinations of A
′
i. By substituting this into (30) we obtain
SCS =
1
4π
n∑
a=1
ka
∫
ADdAD +
1
2π
∫
ADd
n∑
a=1
kaA
′
a +
n∑
a=1
ka
4π
∫
A′adA
′
a. (32)
If we assume
1 · k = 0, 1 ≡ (1, 1, . . . , 1), (33)
then the first term on the right hand side in (32) vanishes and the diagonal U(1)
gauge field AD appears in the action only through the second term in (32). The
equation of motion of AD is
d
n∑
a=1
kaAa = 0, (34)
and we can solve this by
n∑
a=1
kaAa = da. (35)
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The scalar field a is the dual-photon field. This is periodic scalar field with
period 2π and plays a role of the coordinate of the “eleventh” direction in the M-
theory background. In the following, the relation (33) is always assumed because
otherwise we cannot regard the theory as a theory of M2-branes.
Due to the periodicity of a, it is natural to define the operator eia. Because
a is the canonical conjugate to the flux (2π)−1dAD, the operator e
ia changes the
flux (2π)−1dAD by one. In other words, it carries the diagonal magnetic charge
m = 1. (36)
In the non-Abelian quiver gauge theory with gauge group (16), we should extend
this operator to the monopole operator m[1] carrying the magnetic charge (36).
By combining m[1] and the matter fields, we can always make colorless monopole
operators with the same magnetic charge:
O = m[1]
∏
I
(φI)
sI . (37)
The index numbers of m[1] are za = ka, and for the operator (37) to be colorless,
sI must be integers solving the equation
ka +
∑
I
QaIsI = 0 ∀a. (38)
If sI is negative, (φI)
sI should be interpreted as (φ†I)
−sI . Thanks to (33) and the
connectivity of the quiver diagram, solutions always exist. If we would like to
obtain chiral operators, we cannot use φ†I and sI should be non-negative. Because
we assume the theory is non-chiral and the quiver diagram is not only connected
but also strongly connected, namely, every vertex is reachable from every other
following oriented edges, the existence of such solutions is guaranteed.
In the correspondence between non-baryonic operators and wrapped M2-
branes, we should exclude operators whose charges are multiple of (36). The
exclusion of such operators is realized by introducing the equivalence relation
m ∼m+ 1, (39)
in the lattice ΓM . We define the group of magnetic charges corresponding to
wrapped M2-branes by
ΓM2 = ΓM/(m ∼m+ 1) = Z
n−2. (40)
Note that the constraint k ·m = 0 and the equivalence relation m ∼m+ 1 are
consistent to each other thanks to the assumption (33). We identify this group
with the two-cycle homology of the internal space X7:
H2(X7) = ΓM2 = Z
n−2. (41)
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5 Baryons and five-cycles
Let us consider baryonic operators with b 6= 0. We do not impose the condi-
tion m = 0 for baryonic operators, and in general baryonic operator may carry
magnetic charges. We define the group of baryonic charges by neglecting the
charges of monopole operators. Namely, we define the charge lattice of baryonic
operators as the following quotient lattice:
ΓB = Γ/ΓM . (42)
The constraint (24) gives
N · b = 0 mod gcdk. (43)
In the largeN limit, by using (26) and (27), we decompose this into the conditions
1 · b = 0, (44)
and
δN · b = 0 mod gcdk. (45)
The first condition (44) guarantees that (24) can be satisfied with m of order 1.
This condition is necessary because we only consider operators realized on the
gravity side as probe branes. When (44) is satisfied, (43) becomes the constraint
(45), which will be regarded as the condition for the absence of flux strings
attached on the operator.
Although the condition (45) must hold for the operator to be colorless, it is
convenient to define the lattice Γ′B defined only by the first constraint (44).
Γ′B = {b ∈ Z
n|1 · b = 0} = Zn−1. (46)
A vector in Γ′B in general gives colored operators accompanied by flux strings,
and the second condition (45) defines the lattice ΓB of colorless operators as a
sublattice of Γ′B.
Similarly to the case of non-baryonic operators, a certain subset of ΓB does
not correspond to wrapped M5-branes. Let us consider δN = 0 case first. In
this case, we can define the dual-photon field in the non-Abelian theory in the
same way as the Abelian (Na = 1) case. The dual photon field is defined by
da =
n∑
a=1
kaBa (47)
where Ba, which is defined in (20), is the gauge fields coupling to the charge ba.
Under gauge transformation δBa = dλa, the dual photon field is transformed by
δa =
n∑
a=1
kaλa. (48)
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Due to this non-linear gauge transformation, the expectation value of the dual
photon field breaks a U(1) subgroup of GB into a certain discrete group. There-
fore, the charge associated with this broken U(1) is no longer conserved, and
cannot be identified with any wrapping number of M5-branes on the gravity side.
Thus, to remove this unconserved component from the charges, we introduce the
equivalence relation
b ∼ b+ k, (49)
representing the “screening” by the operator eia, and define the baryonic charge
group by
Γ′M5 = Γ
′
B/(b ∼ b+ k) = Z
n−2 × Zgcdk. (50)
Note that if δN = 0 (45) is automatically satisfied and Γ′B = ΓB. We identify
the group (50) with the five-cycle homology group H5(X7).
Let us next consider the general case with δN 6= 0. Even in this case the
topology of the internal space is expected not to change from the case of δN = 0
as long as δN is of order one, and we still identify the group (50) with the
five-cycle homology.
H5(X7) = Γ
′
M5 = Z
n−2 × Zgcdk. (51)
It is, however, not necessarily the same as the group of isolated wrapped M5-
branes because wrapped M5-branes are in general accompanied by flux strings
realized as wrapped M2-branes as is studied in more detail in the next section.
We define the group of wrapped M5-branes without flux strings as a subset of
Γ′M5 by requiring the condition (45).
ΓM5 = {[b] ∈ Γ
′
M5|δN · b = 0 mod gcdk}, (52)
where [b] = b + Zk is the equivalence class with representative b. The inner
product in (52) as an element of Zgcdk does not depend on the choice of a repre-
sentative from [b] because δN · k = 0 mod gcdk.
The combination of two conditions (44) and (45) is equivalent to the single
condition (43) only under the restriction (27). If we permit magnetic charge
of order N , there exist colorless operators whose charge b satisfies (43), but not
(44) and (45) separately. An example of such operators is the following monopole
operator associated with a single U(N) gauge group:
ǫα1···αNm[
−→m]α1···αN , −→m = (1, 1, . . . , 1). (53)
This operator, however, is prohibited by a gauge invariance condition as we ex-
plain below. The reason why we have not imposed gauge invariance with respect
to the U(1) part of U(N) groups is that some of gauge fields of these U(1) are
regarded as the boundary values of bulk gauge fields, and couple to wrapped M-
branes [41]. If such a bulk gauge field is absent for a U(1) gauge symmetry on the
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boundary, the gauge invariance with respect to this U(1) must be imposed. Once
we accept the relation (51), we have only b5 = n − 1 bulk gauge fields coupling
to wrapped M5-branes, and no bulk gauge field couples the diagonal baryonic
charge 1 · b. Therefore, concerning this diagonal part, we must impose the gauge
invariance condition, which is nothing but (24). Thus, the operator (53) does not
have its counterpart on the gravity side.
6 Flux strings and ranks of gauge groups
In general if we introduce an external source of the color charge, the charge
is partially screened by ambient fields. Well-known example is that the color
charge in the SU(N) pure Yang-Mills theory is screened by the adjoint field to
leave only the “N -aliy” of the representation. In a confining theory, an external
source with unscreened charge is accompanied by a flux string. This is not the
case in non-confining theories. Even in such non-confining theories, on the gravity
side, operators with unscreened charge is treated as endpoints of stringy objects
in AdS space. For example, external quarks in the maximally supersymmetric
Yang-Mills theory in four dimensions are treated as the endpoints of fundamental
strings on the conformal boundary [45, 46]. We will use the term “flux strings”
in the following to mean such stringy objects in AdS4.
In this section we treat baryonic operators as external sources, and discuss
flux strings attached on them. What degrees of freedom is left after screening in
a quiver Chern-Simons theory? If we take account of the vacuum polarization
of adjoint fields, the information of a U(Na) representation is almost lost and
we are left with only the index number za for each U(Na). The polarization of
bi-fundamental fields hides the distinction among U(Na) factors, and only the
total index number
z =
n∑
a=1
za (54)
is left. If we take account of all non-baryonic operators including monopole
operators, only the modulo gcdk part of z is left unscreened because as is shown
in Table 2 the index number of monopole operators is linear combination of
Chern-Simons levels ka with integral coefficients. If this unscreened charge does
not vanish, the source is accompanied by flux strings.
In the previous section, we saw that the electric charge b of a colorless baryonic
operator satisfies (45). We can regard this as the condition for the complete
screening of the charges of the operator. If (45) does not hold, the baryonic
operator is accompanied by a flux string with charge
f = δN · b ∈ Zgcdk. (55)
On the gravity side, we can interpret this relation as follows. Let us consider
a baryonic operator realized as an M5-brane wrapped on a five-cycle Ω5. The
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action of the M5-brane includes
1
2π
∮
M5
H3 ∧ C3 =
1
2π
∮
M5
b2 ∧ F4, (56)
where H3 = db2 is the field strength of the two-form field b2 living on the M5-
brane, and F4 = dC3 is the field strength of the background three-form field
C3. Let Σ3 ∈ H3(X7) be the Poincare dual of the background four-form flux
[(2π)−1F4] ∈ H4(X7). Through the interaction (56), the background flux induces
the charge on the M5-brane worldvolume electrically coupled by the field b2.
Because Ω5 is compact, the charge must be canceled by the charge of the boundary
of M2-branes attached on the M5-brane. For this cancellation we need to attach
M2-brane along the one-cycle γ1 in Ω5 which is Poincare dual in Ω5 to[
1
2π
F4|Ω5
]
∈ H4(Ω5). (57)
In other words, γ1 is the intersection of the five-cycle Ω5 and the three-cycle Σ3
γ1 = Ω5 ∩ Σ3. (58)
This is the geometric translation of the relation (55). We identify flux strings
with M2-branes wrapped on one-cycles, and the flux string charge group with the
one-cycle homology
H1(X7) = Zgcdk. (59)
Flux strings generate non-trivial monodromies for baryonic operators (wrapped
M5-branes).
Up to now, we have obtained the following homologies by the comparison of
operators in a Chern-Simons theory and their M-brane realizations:
H1(X7) = Zgcdk, H2(X7) = Z
n−2, H5(X7) = Z
n−2 × Zgcdk. (60)
These are consistent to the duality of the homology groups. In general, the
following duality relations hold among homologies of d-dimensional manifold:
Hfi = H
f
d−i, H
t
i = H
t
d−i−1, (61)
where Hfi and H
t
i are the free part and the torsion subgroup, respectively, of the
homology Hi.
In the above argument, we relate the three-cycle homology H3(X7) to δN ,
the “fractional” part of the ranks:
three-cycles ↔ δN . (62)
In general, the structure of the three-cycle homology is highly non-trivial, and we
do not try to establish the concrete map between three-cycles and δN . We here
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comment on one important point; δN = 0 does not necessarily mean vanishing
four-form flux. If all the ranks are the same and δN = 0, (45) is automatically
satisfied. On the gravity side, this means that the three-cycle Σ3 satisfies
[Ω5 ∩ Σ3] = [0] ∈ H1(X7) ∀[Ω5] ∈ H5(X7). (63)
The condition (63) does not require [Σ3] = 0, the vanishing background four-
form flux. Indeed, in the case of N = 4 Chern-Simons theories, there are in
general many possible F4 discrete torsion corresponding to equal-rank quiver
Chern-Simons theories [41]. We will mention such an example in the following
section.
In addition to M2-branes wrapped on one-cycles, there is another potential
origin of stringy objects: M5-branes wrapped on four-cycles. Combining the two-
cycle homology (41) and the duality relation (61), we find that H4(X7) does not
have torsion subgroup. The duality relation also says that it is the same as the
free part of H3(X7).
H4(X7) = H
f
3 (X7) = Z
b3 . (64)
Absence of the torsion subgroup inH4(X7) means that associated strings does not
induce fractional monodromies for monopole operators. We have no idea about
interpretation of these strings. We only comment that these may have something
to do with the cascading phenomenon. If b3 6= 0, we can introduce four-form flux
in the free part of the four-form cohomology group H4(X7) = H3(X7). Unlike
the discrete torsion, such a flux induces non-vanishing energy and deforms the
background geometry. Such a deformation signals the existence of cascading
phenomenon [37] in three dimensions.
The homologies we obtained up to now are collected in Table 3. They are
completely determined by three integers, s, b2, and b3, and torsion part T of
H3(X7). The integers s and b2 are given in terms of parameters in the Chern-
Table 3: Homologies of X7 conjectured from the charge analysis in quiver Chern-
Simons theories.
H0 H1 H2 H3 H4 H5 H6 H7
free part Z 0 Zb2 Zb3 Zb3 Zb2 0 Z
torsion part 0 Zs 0 T 0 Zs 0 0
Simons theory by
s = gcdk, b2 = n− 2. (65)
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7 Examples
In the previous sections, by the analysis of charges in non-chiral Chern-Simons
theories, we conjectured the homology groups of the dual geometry X7 as Table 3.
Typical examples of Sasaki-Einstein manifolds/orbifolds are listed in Table 4. All
Table 4: The data s, b2, b3, and T of various Einstein manifolds/orbifolds are
shown. Refer to the indicated references for T of the last four manifolds/orbifolds.
(For V 5,2 only the fact that H3 is at most torsion is mentioned in [47].)
X7 s b2 b3 T
S7/Zk[11] k 0 0 Zk
Q1,1,1[47] 1 2 0 Z2
M1,1,1[47] 1 1 0 Z9
N0,1,0[47] 1 1 0 0
V 5,2[47] 1 0 0 ∗
Y p,k(CP 2)[48] gcd(p, k) 1 0 ∗
Y p,k(CP 1 × CP 1)[48] gcd(p, k) 2 0 ∗
(S7/(Zp × Zq))/Zk[41] k p+ q − 2 0 ∗
examples in the table have vanishing b3. It is also known that every 3-Sasakian
manifold has b3 = 0. This is not the case for general Einstein manifolds. The
simplest example is S3 × S4 with appropriate radii. Sasaki-Einstein manifolds
with b3 6= 0 are also known to exist. (See [49] and references therein.) Although
all manifolds/orbifolds in the table have homologies consistent with the form
shown in Table 3, only the first and the last examples correspond to non-chiral
theories, and our arguments are not applicable to the others.
In the following subsections, we discuss the two examples of non-chiral theories
in more detail.
7.1 ABJM model
The simplest example is the N = 6 Chern-Simons theory proposed by Aharony,
Bergman, Jafferis, and Maldacena [11]. This model, ABJMmodel, is described by
a quiver diagram with two vertices. Namely, the gauge group is U(N1)×U(N2).
Due to the condition (33) two U(N) gauge groups have opposite Chern-Simons
levels. n and k are given by
n = 2, k = (k,−k). (66)
The Higgs branch moduli space of this theory is the symmetric product of C4/Zk,
and the internal space is X7 = S
7/Zk. (66) is consistent through (65) with the
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data of this internal space shown in Table 4. The non-trivial homologies are
H0 = H7 = Z, H1 = H3 = H5 = Zk. (67)
Let σ3 and σ5 be the generators of H3 and H5, respectively. We can adopt
σ1 = σ3 ∩ σ5, the intersection of σ3 and σ5, as the generator of the one-cycle
homology group.
There are no non-trivial two-cycles in X7 = S
7/Zk. Monopole operators
in ABJM model [50, 51, 52] carry “diagonal” magnetic charge proportional to
1 = (1, 1), and should be identified with Kaluza-Klein modes in the bulk.
Baryonic operators in ABJM model with δN = 0 are studied in [53], and the
degeneracy and the conformal dimension are reproduced by the analysis using
wrapped branes. (In [53] the wrapped branes are analyzed from the perspective
of type IIA theory.)
The gravity dual of U(N) × U(N +M) ABJM model is studied in [54]. The
rank difference M in this case correspond to the fractional brane wrapped on
Σ3 =Mσ3, or, equivalently, the discrete torsion F4 = Σ
∗
3, where Σ
∗
3 is the Poincare
dual of Σ3. In [54] it is argued that only when −k ≤ M ≤ k the Chern-Simons
theory is unitary, and two theories with M = M1 and M = M2 are equivalent if
M1 = M2 mod k.
When 0 ≤M ≤ k, we can construct the following baryonic operator:
BβN+1···βN+M = ǫα1···αN ǫ
β1···βNβN+1···βN+Mφα1β1φ
α2
β2
· · ·φαNβN , (68)
where αi and βi are SU(N) and SU(N +M) indices, respectively, and φ
α
β is bi-
fundamental scalar field. ABJM model includes four such bi-fundamental scalar
fields. In (68) we omitted the flavor indices for distinction of these four. The
operator (68) correspond to an M5-brane wrapped on the five-cycle σ5. If 1 ≤
M ≤ k− 1, this is not colorless, and is accompanied by a flux string with charge
M ∈ Zk. Geometric description (58) of this fact is
Σ3 ∩ σ5 = Mσ1. (69)
If M = 0, (68) is colorless, and not accompanied by a flux string. If two
theories with M = 0 and M = k are equivalent as is argued in [54], it should
be possible to construct colorless baryonic operator even when M = k. Actually,
this is possible. By adding fermionic bi-fundamental fields ψαβ and the monopole
operator m[(−1, 0)] to (68), we can write the colorless operator
B = ǫα1···αNm[(−1, 0)]αN+1···αN+kǫ
β1···βNβN+1···βN+kφα1β1φ
α2
β2
· · ·φαNβNψ
αN+1
βN+1
· · ·ψ
αN+k
βN+k
.
(70)
7.2 N = 4 Chern-Simons theories
N = 4 Chern-Simons theories are described by circular quiver diagrams whose
vertices and edges represent U(N) gauge groups and hyper multiplets, respec-
tively. There are two types of hypermultiplets, so-called untwisted and twisted
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hypermultiplets [10]. Let n, p, and q be the number of vector, untwisted hyper,
and twisted hypermultiplets, respectively. Because the quiver diagram is circular,
the following relation holds:
p+ q = n. (71)
The requirement of N = 4 supersymmetry restricts the Chern-Simons levels to
be ±k or 0. The Higgs branch moduli space of this theory is derived in [55]. See
also [56, 57]. It is the symmetric product of
(C2/Zp × C
2/Zq)/Zk. (72)
Correspondingly, the internal space is
X7 = (S
7/(Zp × Zq))/Zk. (73)
The data of the homology groups of this orbifold are given in Table 4, and satisfy
the relation (65). In [41] not only the isomorphisms ΓM2 = H2(X7) and Γ
′
M5 =
H5(X7) but also the agreement of degeneracy and the conformal dimension of
baryonic operators with the predictions of the M5-brane description is confirmed.
Concerning monopole operators, the R-charge spectrum are computed on the field
theory side in [58] by using the radial quantization method [42, 43], and agreement
with the analysis on the gravity side is partially confirmed.
An interesting feature of these theories is the non-trivial structure of H3(X7).
It is given by
H3(X7) = (Z
q−1
kp × Z
p−1
kq × Zkpq)/(Zp × Zq). (74)
Refer to [41] for detailed description of this homology group. To understand the
meaning of H3(X7) on the field theory side, it is convenient to realize the theory
by type IIB brane system. When k = 1, the theory is realized on a system
consisting of D3-branes wrapped around S1, on which gauge theory lives, and p
NS5 and q D5-branes intersecting with the D3-branes. The fivebranes divide the
S1 into n intervals. Here, we discuss only the case with p = q = 2 and k = 1 for
simplicity and concreteness. In this case, the non-trivial homologies are
H0 = H7 = Z, H2 = H5 = Z
2, H3 = Z4. (75)
In order to specify the brane configuration, we need to specify the arrangement of
the four fivebranes. For this purpose, we decorate the rank vector in the following
way:
N = (1:NSN1,
2:NS N2,
3:DN3,
4:DN4
1:NS). (76)
The superscripts in (76) mean that the fivebranes are arranged along S1 in order
NS5, NS5, D5, and D5. The gauge group U(Ni) corresponding to i-th component
of the vector N is realized on Ni D3-branes stretched between two fivebranes
indicated on the two sides of the component Ni in the vector (76). For the brane
configuration represented in (76), the levels are
k = (0, 1, 0,−1). (77)
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The Chern-Simons level of each U(N) depends on the fivebranes at the two ends
of the interval, and we can read off the rule to determine Chern-Simons levels for
general ordering of fivebranes from this example.
Let σ3 be the generator of H3 = Z4. The relation between the F4 discrete
torsion and the structure of the brane system is investigated in [41]. We can also
obtain some information about this relation from the analysis of the monopole
spectrum in [58]. Results in these references indicate that the rank vector of the
Chern-Simons theory corresponding to the discrete torsion F4 = Mσ
∗
3 is
N = (1:NSN,2:NS N +M,3:DN,4:DN1:NS). (78)
This is only one of infinitely many possible choice of the brane configuration,
which are transformed to one another by continuous interchanges of fivebranes.
Such deformations are expected to have something to do with Seiberg-like duality
in three dimensions [59, 60].
The rank vector (78) may seem to show that the equal-rank gauge group is
realized only when the discrete torsion vanishes. This is, however, not a precise
statement because even if M 6= 0 it may be possible to realize equal ranks by
interchanges of fivebranes. Actually, it is possible when M = 0,±1 mod 4. In
the case of M = 1, we can realize equal ranks by exchanging the fivebranes 2 and
3.
(1:NSN,2:NS N + 1,3:DN,4:DN1:NS)
[23]
−→ (1:NSN,2:DN,3:NS N,4:DN1:NS). (79)
We took account of the brane creation due to the Hanany-Witten effect [61]. The
Chern-Simons level for the resulting brane configuration is k = (1,−1, 1,−1).
When M = −1, we can realize equal ranks by three steps as follows.
(1:NSN,2:NS N − 1,3:DN,4:DN1:NS)
[12]
−→
[34]
−→
[14]
−→ (1:DN − 1,2:NS N − 1,3:DN − 1,4:NS N − 11:D). (80)
The levels for the resulting brane configuration is k = (−1, 1,−1, 1). Similar
deformation to equal rank configuration is always possible if M = 0,±1 mod 4.
See [41] for detailed analysis of such brane interchange processes. If the gauge
group is equal-rank, the condition (45) is trivially satisfied, and we can define a
colorless baryonic operator corresponding to any five-cycle in X7.
If we start from the rank vector (78) with M = 2 mod 4, we cannot arrive
at any equal-rank configuration. Even in this case, the condition (45) still holds
with k = 1 and it should be possible to construct a colorless baryonic operator
for an arbitrary five-cycle. Let us consider, for example, a baryonic operator with
charge b = (−1, 1, 0, 0) in the theory with
N = (1:NSN,2:NS N + 2,3:DN,4:DN1:NS), k = (0, 1, 0,−1). (81)
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We can indeed construct the colorless operator
B = ǫα1···αNmβN+1βN+2ǫβ1···βNβN+1βN+2φ
β1
α1
φβ2α2 · · ·φ
βN
αN
, (82)
where αi and βi are U(N1), and U(N2) color indices, respectively. m is a monopole
operator with magnetic charge (0, 2, 0, 0).
8 Discussions
In this paper we considered following aspects in non-chiral N = 2 quiver Chern-
Simons theories:
• We defined the lattice ΓM2 of magnetic charges of non-baryonic operators,
and identified it with the two-cycle homology H2(X7) of the internal space
X7.
• The lattice of baryonic charge Γ′M5 were defined. The colorless baryonic
operators forms the sublattice ΓM5 ⊂ Γ′M5. The former was identified with
the five-cycle homology H5(X7).
• The charge of flux strings Zgcdk were identified with the one-cycle homology
H1(X7).
• The charge of flux strings attached on baryonic operators depends on the
ranks of gauge groups, and is obtained by the relation (55). We derived the
corresponding relation (58) on the gravity side by requiring the flux conser-
vation on M5-branes. We can use these relation to obtain some information
about the relation between ranks of gauge groups and the four-form flux in
the dual geometry.
There are many problems which we did not study in this paper.
The one-to-one correspondence between operators and dual objects in AdS5/CFT4
has been intensively investigated. In particular, in the maximally supersymmet-
ric Yang-Mills theory in four-dimensions, the duality between 1/2 BPS operators
classified by Schur polynomials [62, 63] and giant gravitons [64, 65] or bubbling
geometries [66] was found. It is interesting problem to establish a similar one-to-
one correspondence between operators and objects in the dual geometry in the
case of AdS4/CFT3.
The three-cycle homology group H3(X7) is expected to relate to the rank dis-
tribution in the gauge group. In general, the structure of H3 is complicated, and
it is not straightforward to establish the map between δN and elements of H3.
The relation (58), which corresponds to (55) in the field theory, gives some in-
formation. This is, however, not sufficient to establish the complete map. More
detailed information may be obtained by analyzing the spectrum of monopole
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operators. Because the three-form potential couples to M2-branes, it works as
Wilson lines shifting the Kaluza-Klein spectrum of wrapped M2-branes. By com-
paring spectrum of monopole operators and that of wrapped M2-branes we can
obtain additional information about the relation (62). Spectrum of monopole
operators is studied in [58] for N = 4 Abelian Chern-Simons theories. Extension
of this analysis to more general theories is important task.
Generalization of our results to chiral theories is very interesting and challeng-
ing problem. It would enable us to consider a much larger class of Chern-Simons
theories and Sasaki-Einstein dual geometries, such as dual pairs constructed by
utilizing brane crystals [67, 68, 69], and might provide information about dynam-
ics of Chern-Simons theories with large quantum corrections.
We hope to return to these problems in the near future.
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